ON THE RESOLVENT AND SPECTRAL FUNCTIONS OF A 
SECOND ORDER DIFFERENTIAL OPERATOR WITH A 
REGULAR SINGULARITY 
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Abstract. We consider the resolvent of a second order differential opera- 
£^ ■ tor with a regular singularity, admitting a family of self-adjoint extensions. 

^ ' We find that the asymptotic expansion for the resolvent in the general case 

presents unusual powers of A which depend on the singularity. The conse- 
quences for the pole structure of the f -function, and for the small-t asymptotic 
expansion of the heat-kernel, are also discussed. 



Or 



1. Introduction 



> 

m 

It is well known that in Quantum Field Theory under external conditions, 
quantities like vacuum energies and effective actions, which describe the influence 
of boundaries or external fields on the physical system, are generically divergent 
and require a renormalization to get a physical meaning. 

In this context, a powerful and elegant regularization scheme to deal with 
these problems is based on the use of the (-function |2] or the heat-kernel (for 
recent reviews see, for example, j3] 0] 03 El E] ) associated to the relevant differential 
| operators appearing in the quadratic part of the actions. In this way, ground state 

energies, heat-kernel coefficients, functional determinants and partition functions 
for quantum fields can be given in terms of the corresponding (-function, where 
the ultraviolet divergent pieces of the one-loop contributions are encoded as poles 
of its holomorphic extension. 
■ Thus, it is of major interest in Physics to determine the singularity structure 

of (-functions associated with these physical models. 

In particular for an elliptic boundary value problem in a ^-dimensional 
compact manifold with boundary, described by a differential operator A of order 
to, with smooth coefficients and a ray of minimal growth, defined on a domain of 
functions subject to local boundary conditions, the (-function 

(1.1) U(s):=Tr{A-*} 

has a meromorphic extension to the complex s-plane whose singularities are iso- 
lated simple poles at s — [y — with j = 0, 1,2, . . . 

In the case of positive definite operators, the (-function is related, via Mellin 
transform, to the trace of the heat-kernel of the problem, and the pole structure 
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of (a(s) determines the small-i asymptotic expansion of this trace [El El: 

oo 

(1.2) Tr{e- tA } ~ ^ a 3 (A) t (j - u)/u , 

where the coefficients are related to the residues by 
(1-3) o,j (A) = Res| s=(v _ i)/W T(s) £ A (s). 

For operators of the form —d 2 + V{x) with a singular potential V{x) as- 
ymptotic to k/x 2 as x — > 0, this expansion is substantially different. If k > 3/4, 
the operator is essentially self-adjoint. This case has been treated in |101 111! fT^| . 
where log terms are found, as well as terms with coefficients which are distri- 
butions concentrated at the singular point x = 0. For the case k > —1/4, the 
Friedrichs extension has been treated in ^2] for operators in Li2(0, 1), and in [T4*] 
for operators in Li2(R + ), making use of the scale invariance of the operator do- 
main and explicit representations of the resolvent. Moreover, as a particular case 
of a manifold with an isolated conic singularity, reference |15| gave a description 
of the boundary behavior of the Friedrichs heat-kernel which does not make use of 
the resolvent, and showed via boundary maps how it can be used to construct the 
heat-kernel for other self-adjoint extensions of these operators, showing explicitly 
the first two terms in the asymptotic expansion of the trace of their difference. 

On the other hand, reference ^Hj gave the pole structure of the ^-function 
of a second order differential operator defined on the (non compact) half-line R + , 
having a singular zero-th order term V(x) = k x~ 2 +x 2 . It showed that, for a certain 
range of real values of k, this operator admits nontrivial self-adjoint extensions in 
L2 (R + ), for which the associated £- function (given by an integral representation) 
presents isolated simple poles which (in general) do not lie at s = (1 — j)/2 for 
j — 0, 1, . . . (as would be the case for a regular V(x)), and can even take irrational 
values. 

A similar structure has been noticed in JTj for the singularities of the £ and 
^-functions of a system of first order differential operators with a singular zero-th 
order term ~ ji" 1 , which also admits a family of self-adjoint extensions for real 
g taking values in certain range. It has been shown that, in the general case, the 
asymptotic expansion of the resolvent contains g— dependent powers of A which 
make the £ and ^-functions to present poles lying at points which depend on the 
singularity, with residues depending on the self-adjoint extension. 

Let us mention that singular potentials ~ 1/x 2 have been considered in the 
description of several physical systems, like the Calogero Model |18l 1191 HB1 120j . 
conformal invariant quantum mechanical models [211 1221 I23*| and, more recently, 
the dynamics of quantum particles in the asymptotic near-horizon region of black- 
holes |24l 1251 051 1271 128) . The self-adjoint extensions of these operators have also 
been considered in |29j. Moreover, singular superpotentials has been considered as 
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possible agents of supersymmetry breaking in models of Supersymmetric Quantum 
Mechanics [23 EH • 

It is the aim of the present article to analyze the behavior of the resolvent, the 
(■-function and the trace of the heat-kernel of a second order differential operator 
with a regular singularity in a compact segment, D x = —d%. + g(g — 1) a; -2 , for 
those values of g for which it admits a family of self-adjoint extensions. 

Following the scheme developed in |17j . we will show that the asymptotic 
expansion for the resolvent in the general case presents powers of A which depend 
on the singularity, and can even take irrational values. The consequence of this 
behavior on the corresponding (-function is the presence of simple poles lying 
at points which also depend on the singularity, with residues depending on the 
self-adjoint extension considered. 

We first construct the resolvents for two particular extensions, for which the 
boundary condition at the singular point x — is invariant under the scaling 
x ^ ex. The resolvent expansion for these special extensions displays the usual 
powers, leading to the usual poles for the (-function (and the usual structure for 
the asymptotic expansion of the heat-kernel trace). 

The resolvents of the remaining extensions are convex linear combinations 
of these special extensions, but the coefficients in the convex combination depend 
on the eigenvalue parameter A. This dependence leads to unusual powers in the 
resolvent expansion, and hence to unusual poles for the zeta-function (and unusual 
powers in the asymptotic expansion of the heat-kernel trace). 

These self-adjoint extensions are not invariant under the scaling x — > ex. 
As c — > they tend (at least formally) to one of the invariant extensions, and as 
c — > oo they tend to the other. As c — > the residues at the anomalous poles tend 
to zero, whereas as c — > oo these residues become infinite. The way these residues 
depend on the boundary condition is explained by a scaling argument in Section 
7. 

The structure of the article is as follows: In Section El we define the operator 
and determine its self-adjoint extensions for ~ < g < |, and in Section|3|we study 
their spectra. In Section 0] we construct the resolvent for a general extension as 
a linear combination of the resolvent of two limiting cases, and in Section [5] we 
consider the traces of these operators. The asymptotic expansions of these traces, 
evaluated in Sectional are used in Sectiondto construct the associated (-function 
and study its singularities, as well as the small-t asymptotic expansion of the 
heat-kernel trace. The special case g = ^ is considered in Appendix [S] 

2. The operator and its self-adjoint extensions 
Let us consider the differential operator 



(2.1) 




9(9 - 1) 

2 
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with g £ R, defined on a domain of smooth functions with compact support in a 
segment, T>(D) = C^°(0, 1). It can be easily seen that D x so defined is symmetric. 

The adjoint operator D*, which is the maximal extension of D x , is defined on 
the domain V(D*) of functions cj>(x) £ 1*2(0, 1), having a locally sumable second 
derivative and such that 

(2.2) D x (p(x) = -4>"{x) + g(g ; 1} 4>{x) = f(x) £ L 2 (0, 1) . 



Lemma 2.1. If <f>(x) £ V(D* X ) and § < g < §, then 1 



(2.3) 

and 

(2.4) 



0(a) 



Cl\£ X 9 +C 2 [0]x 1 -9 

V2g—1 



< 



\\ D x<l>(x)\\ x 3/2 

(3/2- 5 )V¥TT 



4>'{x) 



gCM x 9-i + (i- g )c 2 [<j>]x-° 
V2g—1 



< 



Z/2\\D x <j>{x)\\ 1/2 
(3/2 - ff)V¥ + T 



for some constants C\[<j)] and C2[4>], where || • || is the li2-norm. 



Proof: Let us write 



[x\ — x"u 



(x). Then, Eq. implies 



(2.5) 



u'(x) = K 2 x- 2g - X - 29 / y 9 f(y) dy , 
Jo 



x 



u(x) = Ki + 



K 



2 —x^ 



X 



-2fl 

o Jo 



V I z 9 f(z) dz dy , 



l-2s 

for some constants K\ and K 2 . Now, taking into account that 

r9 +l/2 



(2.6) 



y 9 f(y)dy 



< 



\f\\ 



y-« / z 9 f(z)dzdy 
o Jo 



2,3/2-g 



< 



(3/2 - .g)V¥+T 



l/ll, 



we immediately get Eqs. I|2.3I) and l|2.4(l . 



Lemma 2.2. Le£ (f)(x),tp(x) £ V(D*) and | < <? < |. Tften 

(D x i>,cj>)-(iP,D x( l>) = 

(2.7) 

= {Ci[^]*C 2 [^ - C 2 [V]*CiM} + {^(1)* 0'(1) - </>'(!)* 0(1)} 



^The case 9 = \ will be considered separately, in Appendix lAl 
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Proof: From Eq. 1)2.2)1 one easily obtains 

(D x iJj^)-(iP,D. 

(2.8) 



lim 



d x {ip(x)*<j>'(x)-i>'(x)*<fi(x)}dx, 
from which, taking into account the results in Lemma l2~Tl Eq. 1)2.7(1 follows directly. 



Now, if ip(x) in Eq. 12.7fl belongs to the domain of the closure of D x , D x = 

(D*r, 

(2.9) V(z) G V(D X ) C V(D* X ) , 

then the right hand side of Eq. 1)2. 7J1 must vanish for any <f)(x) € V(D*). Therefore 

(2.10) c 1 M = c 2 M=^(i) = v'(i) = o. 

On the other hand, if ip{x), 4>{x) belong to the domain of a symmetric ex- 
tension of D x (contained in T>(D*)), the right hand side of Eq. ()2.7I) must also 
vanish. 

Thus, the closed extensions of D x correspond to the subspaces of C 4 under 
the map $ — > (Ci[<I>], C^^], 0(1), 0'(1)), and the self-adjoint extensions correspond 
to those subspaces ScC 4 such that S = S , with the orthogonal complement 
taken in the sense of the symplectic form on the right hand side of Eq. ()2.7)) . 

For dcfinitcncss, in the following we will consider self-adjoint extensions sat- 
isfying the local boundary condition 

(2.11) 0(1) = 0. 

Each such extension is determined by a condition of the form 

(2.12) «Ci[$] +/3C 2 [$] = 0, 

with a, /3 € K., and a 2 + 1 = 1. We denote this extension by D x a '^ . 

3. The spectrum 

In order to determine the spectrum of the self-adjoint extensions of D x for 
5 < g < |, we need the solutions of 

(3.1) (D x - \)<t> x (x) =0, 

satisfying the boundary conditions in Eqs. H2.ll)) and 1)2.12)1 . 



The general solution of the homogeneous equation for A = is 

1 



(3.2) 0o (x) = J—^ (Ci z 9 + C 2 x 1 ^) , 
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and the boundary conditions in Eqs. (|2.11(l and l|2.12(l imply that 
(3.3) d+C 2 = 0, aCi+ /3C 2 = 0. 

Consequently, there are no zero modes except for the self-adjoint extension char- 
acterized by a — (3 — 1/ V2. 

For A ^ 0, the solutions of Eq. (|3.1|l arc of the form 
y/Zg-l 22-9 ^9-2 u 2 

(3.4) 

C2 r(| - g) 

+ /.,„ i O0 _i i_„ V*J$-g(j*3)> 

where /i = +V% and the /^-dependent coefficients have been introduced for later 
convenience. 

Taking into account that 

(3.5) J ^= ZV {-¥W^) +0{Z2 
we get from Eqs. (|2.3j) and (|2.12j) 

(3.6) aCi +PC 2 = 0. 
On the other hand, the condition in Eq. 12.11|) implies 



(3.7) 



\/2g— 1 ^9-2 2 



c 2 r(4- ff ) 



V2g- l 29- 2 U2-3 



For a = 0, Eq. (|3.6|1 implies C 2 = (Dirichlet boundary conditions at the 
origin). Therefore, 0(1) = => J g _i(fx) — 0. Thus, the spectrum of this self-adjoint 

extension is positive and non-degenerate, with the eigenvalues of '■= D^' 1 ^ 
given by 



(3.8) K=jg_ hn , n=l,2,..., 

where j Vt7l is the n-th positive zero of the Bessel function J„(z) 2 . 



2 Let us recall that large zeros of J V (X) have the asymptotic expansion 

, 4i/ 2 -l (\ 

(3.9) >,„ ~ 7 + O - 

87 V7 

with 7 = (n + f - i) 7T. 
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Figure 1. Plot for F(p), p(a,/3) = -3 and p(a,a), with g = 3/4. 



For a ^ 0, from Eqs. (|3.6(l and (|3.7(l we easily get the following transcendental 
equation for the eigenvalues of D^"'^: 

(3.10) F ( M):=/i 2 S -i_i->) = p (a,P), 



where we have defined 
(3.11) pK/3)- 



2 2 9- 1 r(i+g) 

« r(f-s) 



For the positive eigenvalues A = p 2 , both sides in Eq. H3.1U[) have been plotted 
in Figure ^ f° r particular values of p(a, /?) and g. 

Moreover, if (3/a > 1 => p(a,/3) > p(a,a), and the extension D^ 31 '^ has a 
negative eigenvalue. Indeed, if A_ = (ip) 2 < 0, then 



_ .,2,-1 V» 



(3.12) 

" 2 r(|- ff )l 1+ (3-2 5)( i + 2. 9 ) +0( ^ 

where /„(/it) is the modified Bessel function. For a plot, see Figure 



■'it can be seen that this negative eigenvalue goes to — oo as a — * 0, while the corresponding 
eigenfunction tends to concentrate on the singularity at x = 0. See also 1331 . 
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FIGURE 2. Plot for F(ifi), p(a,0) = 1.2 and p(a,a), with g = 3/4. 

Notice that the spectrum is always non-degenerate, and there is a positive 
eigenvalue between each pair of consecutive squared zeroes of J g _i (A). Therefore, 
from Eq. I|3.9|l we get A„ = ir 2 n 2 + 0(n). 

In particular, for the f3 = extension (which we call the "N-extension"), 
can be seen fron Eq. (|3.1()(l that the eigenvalues are given by 

(3.13) A»=4-«,»> n=l,2,... , 

where j\_ g n & re the positive zeroes of Ji_ g (p). 

4. The resolvent 
In this Section we will construct the resolvent of D x , 

(4.1) G(A) = (D x - A)- 1 , 

for its different self-adjoint extensions when \ < g < |. 

We will first consider the two limiting cases in Eq. H2.12(l . namely the U D- 
extension", for which a = => Cs[<l>] =0, and the "TV-extension", with (3 = => 
Ci[4>] = 0. The resolvent for a general self-adjoint extension will be later evaluated 
as a linear combination of those obtained for these two limiting cases. 

For the kernel of the resolvent we have 

(4.2) (D x -p 2 )G(x,y;p 2 )=6(x-y), 
where fi 2 — A, with — it/2 < arg(/x) < ir/2. 
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To proceed, we need some particular solutions of the homogeneous equation 
l|3~l"|) . Then, let us define 



(4.3) 



L D (x,fi) = Jg-i (px) , 

L N (x,n) = y/xjl_ g (fix), 
R{X,H) = ^/X (ji_ 3 (M) Jg-i(px) - Jg-%(») J^-gifJ-x)) 



Notice that R(1,/j) = 0. 

We will also need the Wronskians 



(4.4) 



W[L D (x,^R(x,^]=^^J g _ i (n)= ' 



W[L»(x,ri,R(x,ri]=^^J i _ g (») = 



7d(m) ' 
1 



which vanish only at the zeroes of J^(fi), for v = ± (g — |' 



4.1. The resolvent for the £>-extension. In this case, the function 

(4.5) <f>(x) = ( G D (x,y;^)f(y)dy 

Jo 

must satisfy (f)(1) = and C2[4>] = 0, for any function f(x) € L2(0, 1). 
This requires that 



(4.6) 



Gd(2!,j/;/! 2 ) = 7d(/x) x 



L D (x,fJ,)R(y,fj,), for x < y, 
R(x, /x) I/^y, = for x > y . 



The fact that the boundary conditions are satisfied, as well as (D x — n 2 ) <fi(x) 
f(x), can be straightforwardly verified from Eqs. (|4.3|) and l|4.4|) . 

Indeed, from Eqs. (|4.B|) . f4.6| . (|4.3j) and (|4.4|) . one gets 



(4.7) 
with 

(4.8) Cf[0] 



0(1) 



c 9 + 0(a; 3/2 ) , 



7r/z s -3 ^2.9- 1 
25+ffcos( 3 ^)J ff „i( M )r(i+.g) 



R(y,n)f(.y)dy , 



for not a zero of J g _i(p). 

Notice that Cf [0] 7^ if the integral in the right hand side of Eq. 
non vanishing. 



is 
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4.2. The resolvent for the iV-extension. In this case, the function 

(4.9) <f>(x) = f G N (x,y;n 2 )f(y)dy 

Jo 

must satisfy (f)(1) = and Ci[4>] = 0, for any function f(x) € L2(0, 1). 
This requires that 

)L N (x,n)R(y,fi), for x < y, 
R{x,n)L N (y,n), for x > y. 

These boundary conditions, as well as the fact that (D x — /i 2 ) <fi(x) — f(x), can be 
straightforwardly verified from Eqs. (|4.3|1 and (|4.4(l . 



In this case, from Eqs. <j4.9j) . (|4.10|> . Ij4.3j) and I4.4jl . one gets 



(4.11) ct>[x)= ( ^J£ x 1 ^ + Q(x 3 / 2 ) , 



with 

(4-12) cm = , y~r~~l^ ~73 r f 1 R(y^)f(y)dy, 

22 fcos( ff 7r)Ji_ s (^)r(f -g) Jo 

for fi not a zero of Ji_ g (fi). 

Notice that [0] ^ if the integral in the right hand side of Eq. (|4.12l) (the 
same integral as the one appearing in the /^-extension, Eq. H4.8|l 1 is non vanishing. 



4.3. The resolvent for a general self-adjoint extension of D x . For the gen- 
eral case, we can adjust the boundary conditions 

(4.13) 0(1) = 0, ad[4>] + /3C 2 [0] = 0, a,f3 ^ 0, 
for 

(4.14) cf>(x) = f G(x,y;X)f(y)dy, 

Jo 

for any f{x) £ L2(0, 1), by taking a linear combination of the resolvent for the 
limiting cases, 

(4.15) G(x, y; A) = [1 - r(A)] G D (x, y; X) + r(A) G N (x, y; A) . 

Since the boundary condition at x = 1 is automatically fulfilled, one must 
just impose 

(4.16) a[l-r(A)]Cf[0]+/3r(A)C 2 7V [0] =0. 
Notice that, in view of Eq. igUHl and i|3~TU|l . 

(4.17) aCf[0]-/3Cf[0]=Q 
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precisely when A = /i 2 is an eigenvalue of Dx ■ Therefore, from Eq. Ij4.16|l we 
get the resolvent of D^*'^ by setting 

_ a cm = 

nM j aC?\il>\-l3CZ[<l>\ 
(4.18) i 



for n not a zero of Ji_„(p). 



5. The trace of the resolvent 

It follows from Eq. (|4.15|l that the resolvent of a general self-adjoint extension 
of D x can be expressed in terms of the resolvents of the two limiting cases, Gd(X) 
and Gjv(A). Moreover, since the eigenvalues of any extension grow as n 2 (see 
Section |3J), these resolvents are trace class operators. 

Then, we have 

(5.1) Tr {G(A)} - Tr {G D (X)} - r(A) [Tr {G D (X)} - Tr {G N (X)}} 



From Eqs. (|4.6|l and (|4.10() we straightforwardly get (see Appendix iBl for the 
details) 



(5.2) 



and 



(5.3) 



Tr{G D (p 2 )} = ( tr{G D {x,x-f)}dx = 
Jo 

J H» = 2. 9 -l j-iM 



Tr{G N (v 2 )}= tr{G N {x,x;^)}dx = 
Jo 

= = 2, 9 -l _ J j->) 

2nJiJfi) 4^ 2 2/iJi__(/i)' 



where we have taken into account that 

(5.4) J v+1 {z) = -J v {z)-Jl{z) 

z 
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Finally, we get 

[f J \ 2fjfl 2 M ^J g _x(/x) J|_ 9 (M)y J 



6. Asymptotic expansion for the trace of the resolvent 

Using the Hankel asymptotic expansion for Bessel functions |rS4| (see Appen- 
dix we get for the first term in the right hand side of Eq. (|5.5|l 

Tr{G D ({i )} ~ 2^ fc — = 



k=i 



(6.1) 

= if, _9 i°g(g- 1) , .9 (.9 - 1) 

2/x 2/i 2 4^ 3 4 M 4 



+ c^- 5 ), 



where <r = 1 for ^s(fi) > 0, and a — —1 for 3(/i) < 0. The coefficients in this 
series can be straightforwardly evaluated from Eqs. (|C.8(1 and (|C.19|) . Notice that 
Ak(g, —1) = Ak(g, 1)*, since Aik{g-, 1) is real and A2k+i{g, 1) is pure imaginary. 

Similarly, from (|C.22|) we simply get for the second factor in the second term 
in the right hand side of Eq. (|5.5(l 

(6.2) Tr{G D (n 2 )~G N (n 2 )}~^-^-. 



Finally, taking into account Eq. I|C.12|) . we have 
r(M 2 ) ' 



l_ e »<*(»-i)p( a>j g)pi-3« 

OO t 



fc=0 



where a — 1 (a = —1) corresponds to 5s(fi) > (S(^) < 0). 

Notice the appearance of ^-dependent powers of [i in this asymptotic expan- 
sion. 
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7. The ^-function and the trace of the heat-kernel 

The (^-function for a general self-adjoint extension of D x is denned, for -ft(s) > 
1/2, as 

(7.1) COO - -7^- <f ^ s Tr {G(A)} dX , 

where the curve C encircles counterclockwise the spectrum of the operator, keeping 
to the left of the origin. According to Eq. Ij5.1|l . we have 

(7.2) C ( s ) = C D( s ) + -±- I \-° T (\)Tr{G D (X) - G N (\)}d\, 

2 m J c 

where ( D (s) is the ^-function for the D-extension. 

Since, according to the discussion in Section has a positive spectrum, 
and the self-adjoint extension D^'^ has at most one negative eigenvalue, we can 
write 

(7.3) r ioo+o 

\- s r(A) Tr{G D {\) - G N (X)} dX , 

i OO+O 



2tt i 



where 6(s) = A_ s if there is a negative eigenvalue, and vanishes otherwise. 
We can also write 

= i-lil J //-^TrjcfV^) 2 )} dfx + 

(7-4) 

+ ^ ^ 12s Tr {G((e-* i M ) 2 ) } dn + hi(a) , 

where hi(s) is an entire function. Therefore, in order to determine the poles of 
C^ a '^(s), we can subtract and add a partial sum of the asymptotic expansion 
obtained in the previous Section to Tr {G(A)} in the integrands in the right hand 
side of Eq. (|T3|) . 

In so doing, we get for the D-extension and for a real s > 1/2 

C D (s) = 



(7.5) 



+k2is) = * g s-(l-k/2) + h2{3) ' 

where h^is) is holomorphic in the open half plane 5R(s) > (1 — N)/2. 
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Consequently, the meromorphic extension of C, D (s) presents simple poles at 
(7.6) s = l-k/2, for k = 1,2,3,..., 

with residues 

(7-7) ReaC D (s)\ s=1 _ k/2 = -^{iA k (g,l)} , 

where the coefficients A k (g, 1) are given in Eq. (|6.1(l . Notice that these residues 
vanish for even k. 

In particular, for s = 1/2 (k = 1) one gets 

(7.8) ResC D (s)L_ 1/2 = --5R{^i(5,l)} - ■ 

This is the unique pole present in ( D (s) for the g = 1 case, where there is no 
singularity in the 0-th order coefficient of D x . 

For a general self-adjoint extension Z?i Q ' /3 ', we must also consider the singu- 
larities coming from the asymptotic expansion of r(A) Tt{Gd(^) — Gat (A)} in Eq. 
|Q|) . given in Eqs. $£2$ and (j?H)> . 

From Eq. (j7.3|l . and taking into account Eq. 17. 4|) . for real s > 1/2 we can 

write 

Z 7T 

(7 9) E (s+1) /"V 1 " 2 ' {e^^^^VK/?)^ 1 - 29 )") dM = 

<T=±1 U=0 J 



where /i3(s) is holomorphic for 3?(s) > (i — g) (N + 1). 

Therefore, (C^ a '^(s) — ( D (s)) has a meromorphic extension which presents 
simple poles located at negative ^-dependent positions, 

(7.10) s = -(g-l)k, for k = 1,2,... , 



2 / 

with residues which depend on the self-adjoint extension given by 
Res {^(s)-C D (s)}\ sHi _ g)k = 

(7-11) 

= - i^r) p(<*> v) k sin [f ( 2 3 - !) * ■ 

Notice that these poles are irrational for irrational values of g. Moreover, the 
residues vanish for the "N-extension" (p(a,0) = 0), and have a singular limit for 
0. 
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In particular, these poles for the g — 1 case (for which there are no singularity 
in the zero-th order term of D x ) are negative half-integers, since in this case the 
residues vanish for even k. 

It is interesting to notice that the poles in Eq. (|7.1()(l are also poles of 
the C-function of the corresponding self-adjoint extension of the operator —d 2 + 
g(g — 1) x~ 2 + x 2 in L2(M + ) considered in [T^l, with exactly the same residues, as 
can be easily verified. 

Let us remark that when q / the residue of £( Q >' 3 ) at s = — (g — 5) k is 
a constant times ((3/a) k . This is consistent with the behavior of D x under the 
scaling isometry Tu(x) — c 1 / 2 u{cx) taking L 2 (0, 1) — > L 2 (0, 1/c). The extension 
D x a '^ is unitarily equivalent to the operator (l/c 2 )D x a ' similarly defined on 
L 2 (0, 1/c), with a' = a- 9 a and /?' = C 9 " 1 (i: 

(7.12) TD^ = irb&'^T. 

Notice that only for the extensions with a — or (3 — the boundary condition 
at the singular point x = 0, Eq. 12.12(1 . is left invariant by this scaling. 
Therefore, we have for the ^-function of the scaled problem 

(7.13) C^'^OO =c- 2s C (Q,/3) (s), 
and for the residues 

(7.14) Res {C^^OO) , x = c {2g ~ 1)k Res (c (< * ,/3) 0)i , v • 

The factor cS 29 ^ 1 ^ exactly cancels the effect the change in the boundary condition 
at the singularity has on p(a,0), 

(7.15) p(a,(3) k =c^- 2 ^ k p(a',f3') k . 

Then, the difference between the intervals (0, 1) and (0, 1/c) has no effect on the 
structure of these residues, which presumably are determined locally in a neigh- 
borhood of x = 0. 

In this way we conclude that, for a general self-adjoint extension, the presence 
of poles in the ^-function located at g-dependent positions is a consequence of the 
singular behavior (~ x~ 2 ) of the zero-th order term in D x near the origin, together 
with a scaling non-invariant boundary condition at the singularity. 

Finally, let us remark that the relation between the ^-function and the trace 
of the heat-kernel of D x °"^\ 

(7.16) C (a,/3) (s) = f£J jf Tr {e-* D ^ } dt + H(s) , 
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where H (s) is an entire function, straightforwardly lead to the following small-i 
asymptotic expansion, 



(7.17) 



OO 

E 

k=l 



Tr- 



2~ 9 



2.9 



1 [TV 

-p{a,l3) k sin -(2g 

LTV VI 



in 



t (9-h)\ 



The first term in the right hand side, coming from Eq. H6.2JI and the first term in 
the asymptotic expansion of t(A) in Eq. (513) ; coincides with the result reported 
in |15| . Notice also the ^-dependent powers of t appearing in the asymptotic series 
in the right hand side of Eq. (|7.17|) for any general self-adjoint extension (except 
for the "N-extension" , for which p(a,0) = 0). In particular, the first term in this 
series reduces to 



(7.18) 



«r(i- 5 ) 



r j - 



This power of t also coincides with the result quoted in JHj > but we find a different 
coefficient. 
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Appendix A. The case g = 1/2 
The case g = 1/2, for which the differential operator D x takes the form 

requires a separate consideration which we briefly present in this Appendix. 



Along the same lines as in the proof of Lemma \'Z. II it is straightforward to 
show that, if 4>(x) <E V(D*), then 

(A.2) | 4>{X) - (Ct [0] yfr + C 2 [0] log X) | < x 3/2 

V2 
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and 



(A.3) 



4>'{x) 



< 



< 



2^2 



1/2 



for some constants Ci[(j>) and C2 [<f>], where || • || stands for the L 2 -norm. 

Therefore, it is easy to see that Eq. 1|2.7[1 is also valid in the present case, and 
the self-adjoint extensions of D x correspond again to those subspaces ScC 4 such 
that S = S , with the orthogonal complement taken in the sense of the symplectic 
form on the right hand side of Eq. l|2.7|l . 

If, in addition, we select the Dirichlet condition at x = 1, tfi(l) = 0, the re- 
maining self-adjoint extensions of D x correspond to a one-parameter family char- 
acterized by Eq. l(2~T2)) . D x a ' 0) . 

There exists a particular self-adjoint extension for which C2 [4>] = 0, namely 
D x := Dx ,l \ such that the functions in its domain behave near the origin as 

(A.4) <j)(x) = d[<t>] V^+0(x 3 / 2 ). 

The eigenfunction of D x corresponding to the eigenvalue A is given by, 

(A.5) 4>(x) = dtyjy/xJoifJix), 

where A = /i 2 and /1 is a (positive) zero of Jo(/J,). 

For an arbitrary self-adjoint extension with a/0, the eigenfunction 

corresponding to the eigenvalue A = /i 2 is given by 

4>(x) ={Ci[(/>]-C 2 [<£](logAt-log2 + 7)} ^J { l ix) + 



(A.6) 



+-C 2 [(j>] Vx~N {fix) 



where C\ [(f)], C2 [<j>] are constrained by eq. (|2.12() . The condition 0(1) = leads to 
the equation 



(A.7) 



(9-log»)J ((x) + -N (») = 0, 



where 6 = —fi/a + log 2 — 7, which determines the spectrum of D x a '^ . Notice that 
there are no negative eigenvalues. 
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In order to determine the kernels of the resolvents G D {fJ?) ■— (D® — /.i 2 )^ 1 
and g^{jj?) := (D { x a ' 0) - /z 2 )" 1 , we define 

C D (x;n) = y/xJo{fJtx) , 
(A.8) J C^(x;fx)=V^ {(0-logfi)J (fix)+^N (fix)} , 



to get 



(A.9) 



and 



(A.fO) 



5 D (x,y lf i 2 ) 



W[£ D (x;tx),1l(x;n)} 



£ D (x;[i)K(y,n) , x<y, 

£ c \y\ m) . x>y, 



g( a ^(x,y; fJ 2 ) = 
x ( C^(x;fi)Tl(y;fi), x<y, 



where the Wronskians can be easily computed from (|A.8J| . 



(A.ll) 



W[C D (x;iJ.),1l(x;tJL)] =- Jq(m) 

7T 



W[C^\x- pl),TI{x; h)] = - (0 - log At) J Qt) + N Q (p) . 



From Eq. (|3.9(1 . it can be seen that both Q D (X) and Q^ a, ^(X) are trace class 
operators. 



(A.12) 



Now, taking into account that 

J xZ 1 (0,x)Z 2 (0,x) 



dx = 



{Zi(0, x) Z a (0, a?) + x) Z a (l, a:)} 
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where Z\fl(y,x) — J v (x) or N„{x), the traces of the resolvents can be readily 
computed to get 

Jo tyJaW 
(A.13) Tr (V«.^ 2 )) = [ g( a ^) (x, x; n 2 ) dx = 



_ 1 f(0- log //)./! M + JV^) 
2^ 2(0-log At )Jo( A t)+iV o ( At ) ' 

From Eqs. (|C.6I - IU"7|) one straightforwardly gets the same asymptotic ex- 
pansion for these two traces, 

Tr {g D U 2 )\ ~ *— ( P(h^)-icrQ(l^) \ ^ (g(~,P) (p 2)) „ 
lr l y W)i 2 M {p(Q, t j,)-iaQ(0,^J y y ^ } ) 

y, A k (l/2,a) ia J_ ja 1_ 5 



fc=i 



where a = +1 (-1) for > < 0). 

Notice that the asymptotic series in Eq. I|A.14(I coincides with the right hand 
side of Eq. Qfi-ljl evaluated at g = 1/2. Therefore, from Eq. Ij7.5|l one concludes 
that, in the present case, (( a '^(s) has simple poles only at s = 1 — k/2, for 
k = 1, 2, 3, . . . , with residues given by 

(A.15) ResC^s) | s=1 _ fe/2 = -^{i^(l/2,l)} 

(vanishing for even k) for all the self-adjoint extensions of D x . 

So, in contrast to the case of 1/2 < g < 3/2, the pole structure of the £- 
function for g = 1/2 is independent of the self-adjoint extension considered and 
does not differ from the usual one. 

Appendix B. Evaluation of the traces of the resolvents 

In this Appendix we briefly describe the evaluation of the traces appearing 
in Section [5] 

From Eq. H4.6(l we get for the kernel of G_d(A) on the diagonal 

G D (x, x; n 2 ) =j D x | Ji _ g {p) J g _i(px) 2 - 

(B.l) 

Jg-^(fi)Jg-^(jJ.X)JL_ g (n)j ■ 
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Therefore, in order to evaluate its trace it is sufficient to know the primitives 
(B.2) / x J^(^x) dx = %^ | J v (x[i) 2 - J v ~i{xn) J„ + i(x^)| 



and 



(B.3) 



where 



(B.4) 



x J v {iJbx) J- v {ijl x) dx — 

F 2 ({-l/2},{-v,is},-x 2 f i 2 ) -1] , 



/i 2 r(i - v) r(i + v) 

7T X 2 /J 2 CSC(7T!/) 



x F 2 ({-l/2},{-v,v},-x 2 » 2 )= - 



{J-i-v{x ^) J-i+ v (xfi) + 2 J- U (x(i) J v (x [i) + Ji^ u (xfi) Ji +U (x fi)} . 
These primitives, together with the relation 

(B.5) J v - 1 {z) + J v+1 {z) = —J„{z), 

z 

necessary to simplify the intermediate results, straightforwardly lead to Eq. I|5.2[) . 

Similarly, for the kernel of Gat (A) on the diagonal we have 
G N (x, x- lf i 2 )= 7A r x j- J g _ x (//) Ji_ g (iix) 2 + 

(B.6) 

The same argument as before leads to Eq. (|5.3|) . 

Appendix C. The Hankel expansion 

To develop an asymptotic expansion for the trace of the resolvent we employ 
the Hankel asymptotic expansion for the Bessel functions which, for completeness, 
we briefly describe in this Appendix. 

For \z\ — > oo, with v fixed and | argz| < 7r, we have |34j 
(C.l) J v (z)~(— ) {-P(^,z)cosxO,z) - Q(v,z)smx(v,z)} , 



7T Z 



and 



(C.2) N v {z) ~ I — ) {P(v, z) sin X (^, z) + Q{v, z) cos X (v, z)} , 



7T Z 
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where 

(C3) xiy,*) = z- (^ + \ ) .t 

( 5 ( ' } fe(2*)ir(J + V -2*) (2z)-' 

and 

res) pfrd V (-i) fc r(^ + . + 2fc + i) l 

Moreover, P(—v,z) — P(y,z) and Q(—v,z) — Q(v,z), since these functions 
depend only on v 2 (see Ref. [33], page 364). 
Therefore, 

(C.6) J„(z) = {P(i/,*)-*o-Q(i/,z)} , 

\I2-kz 

where a = 1 for z in the upper open half plane and a = — 1 for z in the lower open 
half plane. 

Similarly, 

e - 4CTZ gia-f(f+i) 

(C.7) N v {z) ~ id = {P(v, z) - ia Q{v, z)} , 

V27TZ 

with a = 1 if > and a = -1 for < 0. 
In these equations, 

, k 

(C.8) P(v,z)-iaQ(v,z) ~ ^(i>,fc) 

where the coefficients 

(C ' 9 ' M- MTii^-l) -^ 



—ia 
~2z~ 



are the Hankel symbols. 

For the quotient of two Bessel functions we have 

Jis 2 (z) P(v2,z) - iaQ{u 2 ,z) 1 

where a — 1 for > and a — — 1 for 3(z) < 0. The coefficients of this 

asymptotic expansion can be easily obtained, to any order, from Eq. 



PM^QM lt ( M - M ) (£) 
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In particular, 

(C.12) Jk 2-^ z) . . c j*«U-<i) p (\ - 9,z)-™Q(.\ - 9,*) =e<OT r(|- g ) 
J g -i{z) P{g~\,z)~iaQ{g-\,z) 

since P(y, z) and Q(v, z) are even in v. 

Similarly, the derivative of the Besscl function has the following asymptotic 
expansion |M] for | argz| < 7T, 

2 

(C.13) J' v (z) == {R(v, z) smx{v, z) + S(v, z) cos X {v, z)} , 

yznz 

and 

(C.14) N' v {z) ~ — L= {R{v, z) cos X (v, z) - S(y, z) sin X (^ *)} , 

V Z7TZ 

where 

(C 15) R(p z) ~ Vf-l) fc + ( 2fc ) 2 - V 4 <"' 2 *> 

(C.15) R{u,z)~2J 1) ^2 _ (2fc _ 1/2)2 (2z)2fe - 



fe=0 



and 



(C16) S(v, z) ~ fw i + i 2 ^ 1 ^^ 

v 7 ^ ' 7 ^ ' v 2 - (2k + 1 - 1/2 2 C2z) 2fc+1 



Then, 

=Fte ±<7r(f+J) 

(C.17) ~ = {R(v, z) T i S(u, z)} , 

V 27TZ 

where the upper sign is valid for 5(A) > 0, and the lower one for 3(A) < 0. We 
have also 

(C.18) R(v, z) ± i S(v, z) = P(u, z) ± i Q(u, z) + T±{v, z) , 

with 



,. x k 
±i 

2z 



(C.19) T±{v,z)~^{2k-\){v,k-\) 

fc=i 

Therefore, we get 
(C.20) ^~Ti(l+ , T f> Z \ f 

where the upper sign is valid for 9(A) > 0, and the lower one for 3(A) < 0. The 
coefficients of the asymptotic expansion in the right hand side of Eq. I|C.20(1 can 
be easily obtained from Eq. (|C.8fl and (|C.19f) , 



(C2i) r ± (M _f±i\ (i 

V ' ' P(v,z)±iQ(v,z) \2z) \z 2 
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Finally, since the Hankel symbols 



are even m v (see Eq. ((CH))) L from Eq. 



lf(T8jl . JHTfll) and icT^M we have 




J-u{z) ' 
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